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Abstract 



In this paper we deal with semistable sheaves which can be represented as the 
cokernel of an injective (or as the kernel of a surjective) morphism E\ ® C m — > 
E 2 <S> C n , where E 1 and E 2 are exceptional bundles. To each such a sheaf we 
assign the linear map C m <8> Hom*(£' 1 , E 2 ) — > C n . We obtain sufficient conditions 
on the topological invariants of the sheaves for the moduli space of the sheaves to 
be isomorphic to the quotient of an open subset in P£(C m <g> Hom*(£i, E 2 ), C n ) 
under the action of SL(C m )xSL(C n ). 
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§1. Introduction. 

For the first time exceptional vector bundles appeared in the work [DrLP] of 
Drezet and Le Potier in 1985. The authors described the set of all triples (r, c 1: c 2 ) 
such that there exists a semistable sheaf V on CP 2 with the given rank and Chern 
classes: 

r(V)=r; Cl (V) = Cl ; c 2 (V) = c 2 . 

Exceptional bundles appeared in this work as stable bundles with the discrimi- 
nant A < \. The ranks and Chern classes of exceptional bundles were used for 
constructing the bound for these invariants of semistable sheaves. 

It was proved that the bundle E is exceptional if and only if it is stable and rigid 
(Ext 1 (E, E) = 0). So any exceptional bundle E has the moduli space consisting of 
one point. 

Further on the concept of exceptional bundle was developed in two directions. 
From one hand, Gorodentsev introduced exceptional collections of bundles and 
helices on P n (see [Gol]). It was founded that for any full exceptional collection 
there exists a spectral sequence of Beilinson type. Besides, the braid group acts on 
the set of all helices and on the set of all exceptional collections (a survey of the 
helix theory and further references see in [Go3]). 

From the other hand, Drezet used exceptional bundles for obtaining more con- 
crete information about moduli spaces of semistable sheaves on P 2 (see [Drl], [Dr2], 
[Dr3]). In the work [Dr2] so-called semistable sheaves of height were considered. 
The definition of height is specific for P 2 but the height of a semistable sheaf V 
equals if and only if there exists one of the following exact triples: 

— > E 1 <g> C m — > E 2 <g> C n — > V — > 

or 

— ► V — ► E 1 <g> C m — ► E 2 <g> C n — ► 
Here E\ and E 2 are exceptional bundles on P 2 . Suppose 

t: C m ®Eom* {E U E 2 ) — > C n 

is the linear map naturally associated with the morphism of bundles E\ <g> C m — > 
E 2 <S> C n in one of the exact triples; then t corresponds to V. Using this correspon- 
dence, Drezet has shown that the moduli space of semistable sheaves of height is 
isomorphic to the quotient of the open subset in P£(C m ®Hom*(i? 1 , E 2 ), C n ), con- 
sisting of semistable points with respect to the action of SL(C m ) xSL(C n ), under 
this action. 

Such moduli spaces of semistable sheaves on P 1 x P 1 were considered in the 
work [Ka]. The subject of this paper is the results of such type for semistable 
sheaves on Del Pezzo surfaces (see theorems 2.7.1 and 2.7.2). 

I am grateful to the Max- Planck- Inst it ut fur Mathematik in Bonn for the stim- 
ulating atmosphere in which this work was finished. 
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§2. General facts and formulation of main results. 

2.1. Notation. Let S be Del Pezzo Surface, K be its canonical class. For any 
coherent sheaf E over S with r(E) > put by definition 

u(E) = ^ e Pic(S) © Q 

j^(E) = c ^ E ) -(- K ) G Q — the s/ope of E 
r(E) 

For any two coherent sheaves E and F denote 

X (£,F) = £(-l)MimExf(£,F). 

The Hirzebruch - Riemann - Roch theorem gives the following expression of x 
in terms of invariants introduced above. 

X (E, F) = r(E)r(F) (l + ^(F) - pt(E)) + q(F) + - u(E) ■ u(F^j 

Sometimes we call this expression Riemann - Roch formula. One can easily see that 
after disclosing the parentheses the right hand side is well defined as r(E)r(F) = 0. 
It is convenient for us to consider the Mukai lattice 

Mu(S) = Z © Pic(S) © Z. 

Any element v = (r, c, s) G Mu(S') is called Mukai vector. To each coherent sheaf 
E on S we assign Mukai vector 

v(E) = (r(E), Cl (E),ch 2 (E)) 

The values \x and q are regarded as functions Mu(S') \ {r = 0} — ► Q, and v 
is considered as a map Mu(S') \ {r = 0} — > Pic(S') © Q. The Riemann - Roch 
formula gives the bilinear form x(*, *) on Mu(S'). Sometimes we shall write x{E, v) 
instead of x{v{E),v). 

We shall need also the following expression for the skew part X- °f the form x' 



X-(E,F) = X (E,F) - X (F,E) = 

Cl (F)-(-K) r(F) 
Cl (E)-(-K) r(E) 



r{E)r{F){^{F) - p(E)) 
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2.1.1. SWING LEMMA. Suppose — > E — > F — > G — > is exact triple of 

coherent sheaves, then: 

a)x-(E,F)= x _(F,G)= X -(E,G) 

h) if r(E)r(G) > then there is one of the possibilities: 

u,{E) < fi(G) < n(F) 
or fi(E) = fi(G) = 12(F) 
or n(E) > 11(G) > //(F) . 

The proof is by direct calculation. 

2.2. Exceptional sheaves and exceptional collections. A sheaf E is excep- 
tional if 

Hom(F, E) = C, Ext*(E, E) = for i > . 

In the work [KuOr] it is proved that any exceptional sheaf on a Del Pezzo surface 
is either locally free or a torsion sheaf of the form O e (d), where e is irreducible 
rational curve with e 2 = —1. 

An ordered collection of sheaves (E 1 , • • ■ , E n ) is exceptional if all Ej are ex- 
ceptional and Ext % (E k , Ej) = 0, Vi, for k > j. Exceptional collection is full if it 
generates the bounded derived category D b Sh(S) of coherent sheaves on S. 

2.3. Stability. We consider the usual Mumford - Takemoto stability with respect 
to the anticanonical class. Namely, a torsion free sheaf E is said to be stable 
(semistable) if for any subsheaf F of E such that r(F) < r(E) the following 
inequality holds: 

fi(F) < fi(E) (fi(F) < n(E) for semisatbility). 

Let us recall the following facts. 
2.3.1. PROPOSITION. 

1. If E and F are semistable and n(E) > 11(F) then Hom(E, F) — 

2. Exceptional bundles are stable. 

The first assertion is the standard stability property, the second one is proved 
in the work [KuOr]. 

2.4. Mutations of exceptional pairs. Let (E, F) be an exceptional pair; then 
x(F,E) = and x(E,F) = x~(E,F). It is known (see [KuOr]) that the pair 
(E, F) belongs to one of the following types that are distinguished as follows: 

• horn - pair: Rom(E, F) ^ 0, Ext\E, F) = 0, % > X-(E, F ) > °5 

• ext- pair: Ext^F) ^ 0,Ext*(F,F) =0,i = 0, 2 X-(E,F) < 0; 

• zero - pair: Ext\E, F) = for all % X-(E, F ) = °- 
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Let (E, F) be a horn - pair. It is proved in [KuOr] that the canonical map 
E ® Hom(E, F) — ► F is either surjective or injective. Hence, there exists one of 
the following exact triples: 

— > L E F — > E ® Kom(E, F) — >F — >0 (2.1) 

or 

— > E <g> Rom(E, F) — >F — ► L E F — >0 (2.2) 

In the both cases the pair (L E F,E) is exceptional, it is called the left mutation 
of the pair (E,F). In the first case the left mutation is said to be regular, in the 
second one the left mutation is singular. 

The right mutations of the pair (E, F) are defined in the dual manner. Namely, 
it is known that the partial dualization E — > F <g> Hom(E,F)* of the canonical 
map is also either injective or surjective. Therefore, we have: 

— > E — > F (g> Hom(i?, F)* — > R F E — >0 (2.3) 

or 

— > R F E — > E — > F g) Hom(E, F)* — >0 (2.4) 

As above, the pair (F, R F E) is exceptional, it is called the right mutation of the 
pair (E,F). In the first case the right mutation is regular, in the second one it is 
singular. 

Now let (E, F) be an ext- pair. Left and right mutations of it are the universal 

extensions: 

— >F — >L E F — > E® Ext\E,F) — >0 (2.5) 

and 

— >F®Ext\E,F)* — >R F E — > E — >0 (2.6) 

As in the previous cases, the pairs (L E F,E) and (F,R F E) are exceptional. 

It can be easily seen that applying the definitions of mutations to a zero - pair, 
we have always the permutation of its members. 

2.5. System of sheaves generated by a pair. Consider an exceptional pair 
(E, F) and an infinite set of sheaves {Ei}^ such that 

E\ — E, E 2 = F and E i+ i = R Ei E^i ( <^=^ E^i = L Ei E i+ i) 

The set {Ei} is called the system of sheaves generated by the pair (E, F). 

Applying the functor Hom( • , E) to the triples fl2.1|), (|2.2|) , and (|2.5p, we see that 
the non-trivial space Ext' (E, F) is dual to the non-trivial space Ext' (L E F, E). Sim- 
ilarly, applying the functor Hom(F, ■ ) to the triples (|2.3|), (|2.4|), and fl2.6|), we see 
that the non-trivial space Ext'(E, F) is dual to the non-trivial space Ext'(F, R E E). 
Therefore, we have proved the following 
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2.5.1. LEMMA. The non-zero dimension of the Ext-space between the neighbour- 
ing members of the system {Ei} (i.e. dim Horn (E,, E i+1 ) if (Ei,E i+ i) is a horn - 
pair and dim Ext ^.Ej, E i+1 ) if the type of the pair is ext) does not depend on i. 

We denote this dimension by h. It is obvious that 

h=\ X (E i ,E i+1 )\ . 

If h > 1, then there are the following possibilities for the system {Ei}. 

(+) All pairs (Ei, E i+1 ) are of type horn. In this case all Ei are locally free. 

(— ) There is only one ext - pair (E p , E p+ i) , all the others are hom - pairs. In this 
case all Ei,i ^ p are locally free. The sheaf E p can be either locally free or 
isomorphic to O e (d). 

This classification is proved in 3.1. Sometimes we write briefly " {Ei} is of type 
(+)" or simply " {E^} is (— )" meaning that the corresponding possibility takes 
place for the system {Ei}. 

If h — 1, then up to renumbering of {Ei} all the mutations are described by 
the following exact triple 

— > Eq — ► Ei — ► E2 — ► 

For instance, the left mutation of (E 1: E 2 ) is regular, the right mutation of (Ei, E 2 ) 
is singular, and E 3 = E . Actually, Ei = Ej iff i = j mod 3. The simplest example 
of this situation is 

— ► 0{-e) — > O — >O e — > , 

where e is irreducible rational curve with e 2 = —1. 

In the case h — it is obvious that all pairs (Ei, E i+ i) have type zero, Ei = E\ 
whenever % is even, and Ei = E 2 whenever % is odd. 

Suppose h > 2; then there are two limits of the sequence {fi(Ei)}: 
/i-oo = lim n(Ei) and jj +00 = lim 

i — > — 00 

(see proof of 3.1.4). If the system {Ei} has type (+), then the slopes of Ei are 
ordered: 

< l^(Ei) < n(E i+1 ) < /i_oo for all % 
In the (— ) case the ordering is broked by the ext - pair (E p , E p+1 ): 

li(E p+1 ) < fi(E p+2 ) < ■ ■ ■ < /i +00 < n-oo < ■ ■ ■ < n(E p ^ 2 ) < n(E p ^)[< ii(E p )} 

(the last inequality is in brackets because E p can be of zero rank.) 
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2.6. Kronecker moduli spaces. Let Hq, L, Hi be finite-dimensional vector 
spaces with dim L > 2 . Any linear map t : H (g) L — > if i is called a ifro- 
necker L-module (this term was used by Drezet in his work [Dr2]). A morphism 
from the Kronecker module t to the Kronecker module t' : H' Q ®L — > H[ is a pair 
of linear maps (/ , fi) , where / : H — > H' , f 1 : Hi — > H[ , such that the 
following diagram 

H (g)L -U H l 



h 



H' Q ®L -U H[ 

is commutative. 

It is clear that all the Kronecker L-modules form an Abelian category. The Kro- 
necker submodules, quotient-modules, and the kernels and cokernels of morphisms 
are defined in the obvious way. 

Let us denote W = C(H L, Hi) \ {0}. The reductive group G = (GL(H ) x 
GL(ifi))/C acts on W as follows: 

(C*(g , gi),t)\ — > gi o t o (g ® id L ) _1 . 

Consider the projectivization P = F(C(H ® L,Hi)). The action of Go on W 
induces an action of the group SL(H ) x SL(Hi) on P. 

A nonzero Kronecker module is semistable {stable) if its image in P is semistable 
(stable) in the usual sense of stability of a point in an algebraic variety with re- 
ductive group action relative to linearization (see [MuFo],[Dr2]). We shall use the 
following criterion (see [Dr2]). 

2.6.1. PROPOSITION. Let t: H ® L — ► H x be a nonzero Kronecker module. 
Then t is semistable (stable) if and only if for any submodule t' : H' Q ® L — >■ H[ 
oft such that H' ^ {0} and H[ ^ Hi the following inequality holds: 

dim if ( dimiJi / dim.H\ dim.Hi\ 
dim H' Q ~ dim H \ dim H' Q dim H J 

Denote by W ss (W s ) the set of all semistable (respectively stable) Kronecker 
modules and put h = dimL, m = dimH , n = dimi^. Denote also 

N(h, m, n) = W ss /G and N s (h, m, n) = W s /G 

These quotients are the Kronecker moduli spaces. From definitions it follows that 
N(h, 1, 1) = Pfe-i and N(h,l,n) = G(h — n,h); thus, the Kronecker moduli 
spaces are in a sense generalizations of Grassmanians. The first non-trivial case 
iV(3, 2, 2) = P 5 is considered in the work [Dr2]. 

Let (E, F) be an exceptional pair. We denote by cve,f,x the fiber at a point 
x G S of the canonical map: 

ev E ,F0 ■ E x ® Rom(E, F) — ► F x 
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regarded as Kronecker Hom(i?, F)-module. The following properties are proved in 
[Ka]. 

2.6.2. PROPOSITION. If the left mutation of (E, F) is regular, then 

£Ve,f,x is (semi)stable •<=>- cvl e f,e,x is (semi)stable 

2.6.3. COROLLARY. If the system {Ei} is of type (+) and contains a one- 
dimensional bundle, then evE h E i+1 ,x is stable for any i e Z, x e S. 

2.7. The main results of this paper are the two following theorems. 

2.7.1. THEOREM. Suppose (Ei, E 2 , F 2 , ■ ■ ■ ,Fi) is a full exceptional collection of 
bundles over Del Pezzo surface S, the system {Ei} generated by the pair (E 1 , E 2 ) 
has type (—), and h = \x{Ei, E i+1 )\ > 2. Let v = (r, c, s) be a Mukai vector with 
r > such that the following conditions are satisfied: 

(0) X (Fj,v) = 0, j = 2,.-.,Z 

(1) max fi(Fj) — K 2 < fx(v) < min fx(Fj) 

j j 

(2-) fj, +QO < fi(y) < /i_oo 

Then for m = \x(E s ,v)\ and n = \x(E 2 ,v)\ the Kronecker moduli space 
N(h,m,n) (N s (h,m,n)) is isomorphic to the coarse moduli space of semistable 
(resp. stable) sheaves with the Mukai vector v. 

2.7.2. THEOREM. Let (E 1: E 2 , F 2 , • • ■ , Fj) be full exceptional collection of bundles 
on S such that the system {Ei} generated by the pair (Ei, E 2 ) has type (+), 
h = \x(Ei, E i+ i)\ > 2, and for any x G S the Kronecker module evE lt E 2 ,x is stable. 
Suppose a Mukai vector v = (r, c, s) with r > satisfies the conditions (0) and (1) 
of the previous Theorem and 

( fl(v) < yU^oo r /i +oc < fx(v) 

(2+) r (E 3 ) x (E 3 ,v) or X (E 3 ,v) . HE^ 

{ r(E 2 ) < X (E 2 ,v) { X (E 2 ,v) < r(E ) 

Then for the same m and n as in the previous Theorem the Kronecker mod- 
uli space N(h,m,n) (N s (h,m,n)) is isomorphic to the coarse moduli space of 
semistable (resp. stable) sheaves with the Mukai vector v. 
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§3. Proofs. 

3.1. Properties of the system {Ei}. We recall that h = \x(Ei, E i+ i)\ does not 
depend on i (see 2.5.1). 

For h > 2 we denote by Xh the smallest solution to the equation 

x 2 - hx + 1 = (3.7) 

It is clear that Xh < 1 and the other solution to this equation is x^ 1 . 
3.1.1. PROPOSITION. Ifh>l, then one of the following statements hold: 

(+) all pairs (Ei, Ei+i) are of type horn, all Ei are locally free; 

(—) there is only one ext - pair (E p , E p+1 ) , the pairs (Ei, E i+ i), i ^ p, are horn, 
and all Ei,i p are locally free. 

Proof. For any exceptional pair put by definition 

!1 whenever (E, F) has type horn 
-1 whenever (E,F) has type ext 
whenever (E, F) has type zero 

It can be easily checked by direct calculation that 

sgn LeF)E sgn E<F r(L E F) - sgn E , F r(E)\x(E, F) | + r(F) = 



(see the triples ( |2.1|) , ( |2.2|) , and ( |2.5| )). Similarly, we have analogous identity for 
the right mutation: 

sgn f>RfE sgn EtF r(R F E) - sgn EtF r(F)\x(E, F)\ + r(E) = 

Consider the system {Ei} generated by the pair (E, F) = (Ei, E 2 ) and set 

si = 1 , Si = n sgn E k ,E k+1 for i > 1 and 

l<k<i 

Si = n sgn£ fc)jB for i < 1 

i<fc<l 

From the above formulas it follows that the sequence 

ti = Sir(Ei) 

satisfies the recursion 

Ti-i - hn + r i+ i = 

Therefore, we have two cases: 

Ti = a + bi whenever h = 2 , 

Ti = Ax\ + Bx~^ % whenever h > 2 , 
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where A — -M^zlo , B = x h (x h r - n ) 

x\ - 1 4-1 

We see that in all cases the sequence {r,} has at most one change of sign. Thus, 
the system {Ei} has at most one ext - pair. 

It is readily seen that all r« = r(Ei) > whenever b = or AB > 0, in this 
case Si = l,Vi Therefore, all pairs in {Ei} are horn, and 2.4 implies that all Ei 
are locally free. In the other case, b ^ or AB < 0, the sequence {r^ is strictly 
monotone. Hence, only one can be equal to 0. Suppose r p = 0; then all Ei, i ^ p 
are locally free and E p = O e (d). It is clear that the unique ext - pair is just 
(E p ,E p+1 ), because B.om(E p , E p+1 ) = 0. This completes the proof. 

Having a horn - pair (Ei,E i+ i), one can easily define the type of the system 
{Ei} (if (Ei,E i+1 ) is ext, then obviously, {Ei} is (— )). 

If h — 2, then from the proof of Proposition 3.1.1 it follows that 

r{Ei) = r(E i+1 ) ^ {E t } is (+) and r(^) + r(E i+1 ) ^ {E,} is (-) . 

The following statement helps to define the type of {Ei} provided h > 2. 
3.1.2. PROPOSITION. Let {Ei, E i+l ) he a horn - pair with h > 2; then 

r i + r i+i - hnri +1 < {Ei} is (+) and 

r l + r f+i ~ hrir i+1 > is (-) 



Proof. Without loss of generality we can assume that i = 0. From the proof of 
Proposition 3.3.2 it follows that {Ei} is (+) if and only if there is no change of sign 
in the sequence {ri}, i.e. AB > 0. By direct calculation we obtain that 

x h \{x\ + l)r r 1 - x h (rl + rf )] = x 2 h (hr r 1 - rg - r|) 
This completes the proof. 

3.1.3. PROPOSITION. Suppose h > 2 and Mukai vector v satishes the condition 
(0) of Theorem 2.7.1; then dim N(h, m, n) > iff either 

(2-) yu+oo < u.(v) < /i_oo whenever {i^} is (-) or 

f P ,f ) K ^ ° r whenever {E t } is (+) 



PROOF. Clearly, we can replace the rank function in the reasoning of the proof of 
3.3.2 by any additive function, in particular, to c\ • (-K) . Whence, we obtain that 
the sequence 

di = Si Ci(Ei) ■ (-K) has the form di = Cx\ + DxT. 1 , 
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where C = %4 "-ft , D = Xh{Xh f° ~ dl) 

Obviously, fi(Ei) = j£. Since < Xh < 1, it follows that the sequence {//(£*)} 
has limits 

C %hdi — djQ D %h,do — d\ 

V-oo = -7 = and yu +00 = — = . 

A x h n -r Q B x h r - n 

After shift of the enumeration in {Ei}, we obtain the formulas: 

x hdi+i — d{ Xhdi — di + i . . 

yU-oo = and /i +00 = , Vi (3.8) 

Now let us consider the vector v and the collection (E\, E 2 , F 2 , ■ • • , Fi). Since 
this collection is exceptional and full, it follows that the vectors v(Ei), v(E 2 ), 
v(F 2 ), ■ • ■ , v (Fi) form a basis in Mu(S). Hence, v has an expression 

v = m'v{Ei) + n'v{E 2 ) + fa v{F 2 ) + • • • + A v{F) (3.9) 

Taking the value of x{Fi, ■ ) at the both sides, we have that 

= x (F,v)=(3 lX (F l} F l )=f3 l 

Similarly, (3j — 0, j — I — 1, • • • , 2. Taking the values of functions x(E3, • ) and 
X (E 2 , ■ ) at the both sides of (|3.9|), we have: 

m' = X (E 3 , E t ) X (E 3 , v) , ri = X {E 2 , v) 

Finally, ve obtain that 

= (m'djE^+ridiE^-j-K) 
' m'r(Ei) + n'r(E 2 ) 

Consider the linear-fractional function 

xd\ — d 2 



/(*) 



xri — r 2 



Clearly, /i +oc = f(x h ), = /(a^ 1 ), and n(v) = f ( =F^ ) (the sign -/+ in 



front of correspond to the type horn/ ext of the pair {E\, E 2 )). 

Since fix) = = d ^ = \x~(Ei,E 2 )\ > Q 
(xri — r 2 ) 2 (xri — r 2 ) 2 ' 

it follows that f(x) is increasing for x > |£ and for x < jr- . 
Suppose {Ei} is (+); then Proposition 3.3.3 implies that 

r 2 _ r(E 2 ) _ % 

x h < — , , < X h . 

n r{E l ) 
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Thus, in this case we have: 

fj,(v) < yU_oo x h < -^r < j2 and 

/i +QO < (jl(v) < _^ < x -i 

Similarly, in the other case, when {E{\ is (— ), we obtain: 

t \ m ' -i 

n 

It can be easily proved that IxC^j = 1 (by applying of the functor Hom(F, ■ ) 
to the triples Q2.1| ), fl2.2| ), and fl2.5| )). Therefore, \m'\ —m and \n'\ = n. 

Finally, we obtain that the conditions (2—) and (part of 2+) are equivalent to 

m _ x 
n 

Clearly, it is equivalent to the condition 

dim N(h, m, n) = hnm — m 2 — n 2 + 1 > 
This concludes the proof. 

3.2. Spectral sequence of Beilinson type. Let (Fq, Fx, ■ • • , Fi) be an excep- 
tional collection of sheaves on S. It is known (see [Go2]) that replacing the pair 
(Fj,Fj + i) in this collection by one of the pairs (L F .Fj +1 , Fj) or (Fj +1 , R F . Fj) 
gives always a new exceptional collection. By iterating such procedure one can 
construct the left dual collection ( V -F_;, v F_ i+1 , • • ■ , v F_i, V F ), where 

V F = F and v F p — L Fq ■ ■ ■ Lp^F^ , p = —1, 

3.2.1. PROPOSITION. Suppose (F Q , F x , ■ ■ - , F t ) is full exceptional collection on 
Del Pezzo surface S. Then for any coherent sheaf V on S there exists a spectral 
sequence with 

E™ = Ext q - A "(F^ p ,V)® y F p , p =-/,■■•, 

where A p is the number of non-regular mutations in obtaining V F P from This 
sequence has E™ = whenever p + q ^ and converges to V on the diagonal 
p + q = 0. 

This result was proved by Gorodentsev (see [Go2]). 

3.2.2. PROPOSITION. Let (E x , E 2 , F 2 , ■ ■ ■ , F t ) be full exceptional collection, 
where F 2 ,---,F[ are bundles and \x(Ei,E2)\ > 2. Suppose a Mukai vector v 
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(I) 
(e) 
If (r) takes place, then 



satisfies conditions (0) and (1) of Theorem 2.7.1 and V is a semistable sheaf with 
v(V) = v. Then the following statements hold: 

1. For m = \x(E 3 ,v)\ and n = \x(E 2 ,v)\ there exists one of the exact triples: 
(r) — ► E l <g> C m — ► E 2 ® C n — ► V — ► 

V — > E 1 <g> C m — > E 2 <g> C n — > 
• E 2 <g> C n — ► V — > E l <g> C m — ► 
7 n = Hom(£ 3 , V) , C n = Rom(E 2 , V). 

2. For the slope fi{V) there is one of the possibilities 

a) 3i,n(V) = u.{Ei) V g kE l = K g ■ • • ® bj //(V) £ Q^i)}, 

fe times 

then 

(J>(V) < fi-oo or /i +oc < (J,(V) whenever {Ei} is of type (+) and 
fJ'+oo < fi>(V) < (J>-oo whenever {Ei} is of type (— ). 

3. If /i(V) {fi(Ei)} then the existence of the triples (r), (I), and (e) is character- 
ized as follows: 



(r) 

(0 



{Ei} has type (+) and jj, +oc < u,{V) 

or {Ei} has type (— ) and the ext - pair (E p , E p+ i) has p < 1 
{Ei} has type (+) and fJ>(V) < /i_oo 

or {Ei} has type (— ) and the ext - pair (E p , E p+1 ) has p > 1 



(e) •<=>- {Ei} has type (— ) arid the ext - pair is (E ± , E 2 ). 

Proof. The condition (1) implies that /i(Fj <g> us) < fJ>(V) < u,(Fj),Vj. From 
the stability properties and Serre duality it follows that Hom(Fj,V) = and 
Ext 2 (Fj, V) ^ Hom*(V, Fj ® u s ) = 0. Using (0), we have Ext 1 (F J -, V) = 0. There- 
fore, Ext* (Fj,V) — 0,Vi,j. 

Consider the spectral sequence associated with the full exceptional collection 
(E 2 , E 3 , F 2 , • • • , Fi). From the above it follows that Ef' 9 = for p < —2. Suppose 
for defmiteness that the left mutation of (E 2 , E 3 ) is regular the right mutation 
of (E 1 ,E 2 ) is regular). Then (E 1 ,E 2 ) is a horn - pair and the i^-term of the 
spectral sequence has the form 
























E l <g> Ext 2 {E 3 ,V) E 2 ®Ext 2 {E 2 ,V) 

E 1 ®Exb 1 (E 3 ,V) E 2 ®Ext\E 2 ,V) 

E 1 ®Rom(E 3 ,V) E 2 ® Rom(E 2 , V) 
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It is readily seen that E^ q = E™ = for q — 2, p — 0, — 1. Whence we have 
Ext 2 (£ 3 , V) = Ext 2 (E 2 , V) = 0. 

The convergence to V as p + q = implies that there are the following exact 
triples: 

— > E 1 ® Hom(£ 3 , V) — ► £ 2 <g> Hom(£ 2 , — ► — ► 

— >T Q — >V — >T X — > 
— ► T x — > E x ® Ext 1 ^, — ► £ 2 ® Ext 1 ^, V) — ► 

If n(V) > fi(Ei), then from the stability properties it follows that Hom(V, E%) = 
0. Therefore, T x = 0, F Q = V and Ext 1 (E 3 ,V) = Ext\E 2 ,V) = 0. Finally, we 
have the triple (r), and from the Swing Lemma it follows that n(V) > n{E 2 ). 

From the other hand, if fi{V) < fi(Ei) < u.(E 2 ), then Hom(£ 2 , V) = 0, and we 
obtain: F Q = 0, T x = V, and Hom(£ 3 , V) = Hom(£ 2 , V) = 0. 

It is obvious that in the both cases the dimensions of the vector spaces that are 
tensored with the bundles E\ and E 2 equal respectively \x(E 3 ,v)\ and \x(E 2 ,v)\. 

If the right mutation of (Ei,E 2 ) is singular (or extension), then, applying the 
spectral sequence associated with the collection (E 2 , E 3 , F 2 , ■ ■ ■ , F{), one can easily 
check in the similar way that (Z) (respectively, (e)) takes place. This completes the 
proof of 1. 

Now we prove 2. 

a) One can apply 1. to the full collection (Ei, E i+X , F 2 , ■ ■ ■ ,Fi), so, without loss of 
generality we can renumerate {Ei} such that fi(V) = fi(Ei). Thus we have one of 
the triples (r), (I), or (e), and from the Swing Lemma it immediately follows that 
V = E x <g> C m . 

b) Actually, we have proved the following lemma. 

3.2.3. LEMMA. If the right mutation of {E h E i+1 ) is regular, then 

fi{E t ) < n{V) => fi{E l+1 ) < fi{V) and fi{V) < fi(E i+1 ) n{V) < //(#;) . 

Suppose {Ei} is of type (+); then all mutations of pairs are regular and we 
obviously have one of the possibilities: fi(Ei) < fi(V),Vi or fi(V) < fi(Ei),Wi. 
Consequently, /i +oc < fi(V) or /i(V) < //-oo- From the explicit formulas (|3.8|) it is 
not hard to check that /i+oo and /i_oo are irrational, so the inequalities are strict. 

Suppose {Ei} is of type (— ) and the ext - pair is (E p ,E p+ i). According to the 
proof of 1., we have the exact triples: 

— > V — ► <g> C^- 1 — > E p ® O" 1 — > 

and — > E p+1 ®£ np — ► V — ► E p ® C mp — > 

Therefore, fj,(E p+ x) < fi(v) < /jl(E p -i). Applying Lemma 3.2.3, we have: (i(Ei) < 
fJ>(V) for i > p + 1 and fi(V) < yu(-Ej) for i < p — 1. As in the previous case, using 
2.5, we obtain: u. +OQ < fi(V) < fA-oc- 
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The statement 3. immediately follows from 2.b) and the Swing Lemma. This 
concludes the proof of Proposition 3.2.2. 

3.3. Correspondence between sheaves and Kronecker modules. 

Further on through this section we shall assume that (E\, E 2 , F 2 , ■ ■ ■ , F{) is a 
full exceptional collection, {Ei} is the system of sheaves generated by (E 1 ,E 2 ), v 
is a Mukai vector satisfying conditions (0) and (1) of Theorem 2.7.1, and V is a 
semistable sheaf with v(V) = v. 

Proposition 3.2.2 guarantees the existence of one of the triples (r), (/) or (e). 
For defmiteness we suppose that the triple 

(r) — ► E l ® C m -2-> E 2 <g> C™ — > V — ► 

takes place (the case of existing (/) is dual)Q. Here a is the differential d\ of the 
spectral sequence associated with the collection (E 2 , E 3 , F 2 , ■ ■ ■ ,F{), 

C m = Hom(£ 3 , V) , C n = Hom(£ 2 , V) 

(see proof of 3.2.2). It is clear that Hom(i?i, E 2 ) ^ and the pair (E\,E 2 ) is of 
type horn (see 2.4). Hence, we have 

X-{E X ,E 2 ) > and ^{Ex) < fi(E 2 ) 

(from the statement 3. of Proposition 3.2.2 and 2.5 it follows that E\ and E 2 are 
locally free). 

We assign to V the Kronecker Hom*(i? 1 , E 2 ) - module 

t = t v : C m ® Rom*{E u E 2 ) — ► C n (3.10) 

naturally associated with the morphism of bundles a in (r). The aim of this 
subsection is to show that the sheaf V is (semi)stable if and only if t is (semi)stable 
as Kronecker module (see 2.6). 

3.3.1. PROPOSITION. 

a) t is not semistable =^ V is not semistable; 

b) t is semistable but not stable =^>- V is not stable. 

PROOF. Let a pair (/ , /i) of linear maps, f : H' Q — > C rn , fi : H[ — > C n , define 
a Kronecker submodule t' : H' Q ® Hom*(£' 1 , E 2 ) — > H[ of t and let t" — t/t' be the 
Kronecker quotient-module. Consider the following commutative diagram: 

— ► E x ®H'q ld ^ /o £i®C m — > S!®(C m /^) — >0 



— > E 2 ®H[ 1 ^ E 2 ® C n — ► E 2 ® (C n /i/() — > 

1 If there exists (e) then (E\,E2) is an eif - pair and one can shift the numeration in the 
system {Ei} such that the new (E 1 ,E 2 ) will be horn. 
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where a' and a" naturally correspond to t' and t". The morphism a' is injective as 
restriction of a. Hence, if we regard this diagram as an exact triple of complexers, 
then the long cohomology sequence for it has the form: 







JC 



V 



V 



c 



o , 



where /C = ker a", V = coker a', C = coker a". Let us note that V ^ because 

It can be easily seen that 

Cl (V').(-K) r(V) 
Cl (V)-(-K) r(V) 

This implies that 

x-(v,v') = 



dimH[ dim^ 

n m 



dim H[ dim Hq 



Cl (E 2 )-(-K) r{E 2 ) 
— ci(.E'i) • —(—K) r{E l ) 



n 



m 



X-(Ei,E 2 ) 



Further reasonings for the crises du ) and b) are parallel. Suppose t' violates the 
semistability (resp. stability) criterion 2.6.1. That means that the determinant in 
the last equality is < (< 0). Therefore, we have 

x-(v,v')>o(>o) . 

If K. 7^ then r(/C) ^ and yu(/C) < /i(-Ei) because K is a subsheaf of the 
semistable sheaf E\ ® (C™/i?g). Hence, we have r(v') ^ and 

l*(V) > (>) v(V) > /i(£i) > M ■ 

From the Swing Lemma it follows that fi(U) > (>) n{V') > (>) n{V), where 
U = coker = ker (p (since U is a non-zero subsheaf of a torsion free sheaf V, we 
see that r{U) ^ 0). If /C = then we obviously have U = V . Finally we obtain 
that in the case a) V is not semistable and in the case b) V is not stable. This 
completes the proof. 

3.3.2. PROPOSITION. 

a) V is not semistable =^ t is not semistable; 

b) V is semistable but not stable =^ t is not stable. 

First we prove the following statement. 

3.3.3. LEMMA. There exists a subsheaf U C V with u,(U) > fi(V) in the case a) 
and ^(U) > u.{V) in the case b) satisfying the properties: 

(i) ifE is a stable sheaf with X (E, V) = and u.(E) - K 2 < u.(V) < u.(E) , then 



Ext* (E,U) = , Vi ; 
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(ii) if F is a stable sheaf and /x(-F) < f^{V), then Hom([7, F) = 0. 

Proof, a) Suppose V is not semistable. Consider the Harder - Narasimhan fil- 
tration of V 

= T n+1 Cf„C-Cf 2 Cf! = V 

This is a unique filtration such that all the quotients Gi = J-%j 1 Fi+i are semistable, 
fi(Gi + i) > n(Gi) for i = 1, • • • , n — 1, and fi(J-i) < fi(J-i+i), i = 1, • • • , n.0 Since 
n(G n ) = n(J- n ) > niV) > iiiyjT-i) = (the last inequality holds by the 

Swing Lemma), we conclude that there exists a unique p such that 

H(G X ) < ■ ■ ■< MGp-i) < KV) < fi(G p ) < ■ ■< fi(G n ) (*) 

We put U = T v . The inequality //({/) > //(V) holds by the properties of the 
filtration. 

Now we prove (i). Let us note that Ext l (E,V) = 0, VI Really, from the 
Lemma conditions and stability properties it follows that Hom(E, V) — and 
Ext 2 (£, V) = Hom*(£, V) = 0. Using the condition x(E, V) = 0, we obtain that 
Ext 1 (E,V)=0. 

Consider the exact triples 

— > — ► Ti — ► Gi — > (**) 

We consequently apply the functor Hom(E, ■ ) to these triples starting from 
i = 1 to % — p — 1. From the inequality (*), stability of E and Gi, and the Lemma 
conditions it follows that Hom(£', Gi) = 0, i = 1, • • • ,p — 1. Whence, on each step 
we have the implication 

Hom(£, jFj) = Ext 1 ^, ft) = =4> Hom(£, = Ext 1 ^, .F i+1 ) = 

(for i = l the former equality holds because T\ — V). On the last step we obtain: 
Hom^,^) = Ext 1 ^, T v ) = 0. 

Similarly, from (*), stability of E <g) K and Gj, and the Lemma conditions it 
follows that Hom(Gj, E®K) = 0, i = p, ■ ■ ■ ,n. Applying consequently the functor 
Hom( • , E ® X) to the triples (**) starting from i = n to % = p, we have on each 
step the implication 

Hom(.F i+1 , E ®K) = Hom(J r j, E ® K) = 

Thus, for i = p we obtain: Hom*(jF p , i£ £g> if) = Ext 2 (.E, jF p ) = 0. 

In order to prove (ii) we consequently apply the functor Hom( • , F) to the 
triples (**) starting from i — n to i — p. As above, on the last step we get 
Hom([7, F) — 0. 

2 This filtration is constructed by induction: Gi is the torsion free quotient-sheaf of Ti with 
the smallest slope and maximal rank (see, for example, [Ku]). 
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b) Suppose V is semistable but not stable; then by definition there is a subsheaf 
U C V such that < r(U) < r(V) and fi(U) = fi(V). It is clear that U is 
semistable. Whence, (i) and (ii) follow from the stability properties. 

This completes the proof of Lemma. 
Proof of Proposition 3.3.2. Consider the subsheaf U c V as in the pre- 
vious Lemma. Applying the statement (i) to E — Fj, we have: Ext % (Fj,U) = 
0, Vi, j = 2, •••,/. Then the spectral sequence associated with the collection 
(E 2 , E 3 , F 2 , • • • , F t ) and convergent to U has the .E^-term of the form: 
























E l <g> Ext 2 {E 3 ,U) E 2 ®Ext 2 {E 2 ,U) 

E l <g> Ext 1 (E 3 ,U) E 2 ®Ext 1 {E 2 ,U) 

E 1 ®Rom(E 3 ,U) E 2 <g> Hom(£ 2 , £/) — 



It is readily seen that Ef ,q = E™ = for q = 2, p = 0, —1. Whence we have 
Ext 2 (£ 3 , U) = Ext 2 (E 2 , U) = 0. 

The convergence to U as p + q = implies that there are the following exact 
triples: 



















E x <g> Hom(£ 3 , [/) — ► £ 2 <g> Hom(£ 2 , U) - 

— ► U — >U — >Ux — >0 

■ C/i — ► E x <g> Exi x [E 3 , U) — ► E 2 <g> Ext 1 ^, C/) 

Let us recall that /x(-E'i) < A*(V). By the statement (ii) of the previous Lemma 
we have: Hom(C/, E\) = 0. From the last exact triples it follows that U\ = 0, 
Ext 1 ^, U) = Ext\E 2 , U) = 0, and U U . 

We see that the subsheaf U can be included in the exact triple 

— >E 1 ®H' Q — ► E 2 ®H[ — > U — > , where 

H'q = Hom(£ 3 , U) , H[ = Eom(E 2 , U) 
Applying the functors Hom(_E 3 , • ) and Hom(.E 2 , • ) to the exact triple 

— >U — ► V — ► V/U — ► 
we have the exact sequences of vector spaces 

— >H' ^C m = Hom(£ 3 , V) — >■■■ 
— > H[ C n = Eom(E 2 , V) — >■■■ 
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The pair of embeddings (/o, fi) defines a Kronecker submodule t' : H' Q ® L 
of the module t. 

As in the proof of Proposition 3.3.1, we have the formula 



dim H[ dim H' Q 

n m 



X-(Ei,E 2 ) 



Since X-(V,U) > 0(= 0) in the case a) (respectively, b)) and x~(Fi,E 2 ) > 0; we 
obtain that 

dim H [ dim H' Q 



n 



m 



< (= 0) 



Thus, the submodule t' violates the semistability (resp. stability) criterion 2.6.1. 
This concludes the proof of Proposition 3.3.2. 

3.4. Now let us consider the full exceptional collection (E 1: E 2) F 2 , ■ ■ ■ F t ), the 
system {Ei} generated by (Ei,E 2 ) such that all conditions of one of Theorems 
2.7.1 or 2.7.2 are satisfied. We recall that h = \x{Ei, E 2 )\ > 2, m = \x(E 3 ,v)\, n — 
\x(E 2 ,v)\. Suppose (Ei,E 2 ) is of type horn, 

t: C m ® Horn* (Si, E 2 ) — ► C n 

is Kronecker Hom*(£'i, £ , 2)-module, and 



a: E^ C r ' 



E 2 ® C r ' 



is the corresponding morpfism of sheaves. 

3.4.1. PROPOSITION. If either is (-) and the ext - pair is (E , E t ) or {E^ 

r(Ei^ ' then 



is (+) and 

t is (semi)stable 



n ^ 



r(E ) 

a is injective and V = coker a is (semi)stable 



Proof. The implication 

t is semistable =^ a is injective 

is proved in the work [Ka] for the case S = P 1 x P 1 . For a Del Pezzo surface S 
the proof is similar, and it is omitted. Now the Proposition follows from 3.3.1 and 
3.3.2. 



Semistable sheaves on Del Pezzo surfaces 



19 



3.5. Proof of main results is by standard reasoning. 

Without loss of generality we can assume that the ext- pair is (E , Ei) provided 
{Ei} is (— ). If {Ei} is (+), we give the proof only for the case 

' x(E 3 ,v) r(f?i) 
{ X (E 2 ,v) < rjE^) 

the other case is dual. 

Let X be an algebraic variety and let U be a coherent sheaf onlxS such 
that U is flat over X and U x is a semistable sheaf on S with Mukai vector v for 
any closed point x £ X. 

Let px and ps denote the projections of X x S onto X and 5, respectively; 
then the sheaves 

H = R°p x * (p* s E* 3 <g> W) and H l = R°p x * (p* s E* 2 ® W) 

are locally free, and there exists a canonical morpfism 

6: H Q ® Horn* (Si, £ 2 ) — ► #i 

such that ^ x = fo x for any closed point x E X. 

We consider a sufficiently small neighbourhood X x of the point x and trivial- 
izations H = Ox x ® C m and i?i = <8> C n . Proposition 3.4.1 gives a morphism 
X x : X x — >■ W ss . By gluing together the morphisms composed with the projec- 
tion 7r : W ss — >■ N(h, m, n), we obtain a morphism (py : X — > N(h, m, n), which 
depends functorially on the classes U. 

Next suppose that M is an algebraic variety such that, for any family U of 
sheaves on S that is parametrized by the algebraic variety X, there exists a mor- 
phism ipu : X — > M which depends functorially on the classes U. We consider 
the universal Kronecker module over W ss : 

T : W ss ® C m ® Horn* (Ex, E 2 ) — ► W ss ® C n . 

According to 3.4.1, it gives a family V of semistable sheaves on S. The induced 
morphism : W ss — > M is Go-invariant because of the functorial dependence ipu 
on U. Hence, ipy induces a morphism r\ : N(h, m, n) — > M. We show that i]0(p u = 
ifa. Because of functoriality of (pu and iffy, it is sufficient to show the following: 
if a sheaf V on S is a cokernel of a sheaf embedding a : E 1 <g> C m — >■ £2 <8> C n , 
then the Kronecker module t which canonically corresponds to a is isomorphic to 
ty. But it follows from [Ka,4.4.2]. This completes the proof. 
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